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Abstract. We study the slice filtration for S^-spectra, and raise a number of 
questions regardings its properties. 
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Introduction 

Voevodsky ^2lj has defined an analog of the classical Postnikov tower in the 
setting of motivic stable homotopy theory by replacing the simplicial suspension 
:= — A with P-'^-suspcnsion Spi := — A P^; we call this construction the 
motivic Postnikov tower. 

Let STL{k) denote the motivic stable homotopy category of P^-spectra. One of 
the main results on motivic Postnikov tower in this setting is 

Theorem 1. For E G S'H{k), the slices SnE have the natural structure of an 
nil-module, and hence determine objects in the category of motives DM{k). 

The statement is a bit imprecise, as the following expansion will make clear: 
Ostvar-Rondigs [18] have shown that the homotopy category of strict HZ- 
modules is equivalent to the category of motives DM{k). Additionally, Voevodsky 
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[21] and the author jTTj have shown that the 0th shoe of the sphere spectrum S in 
ST-L{k) is isomorphic to HZ. Thus, for E G SH^k), the canonical §-module struc- 
ture on E induces an HZ-module structure on the shces SnE, in SHgi (fc). This has 
been refined to the model category level by Pelaez '19 , showing that the slices of a 
P^-spectrum E have a natural structure of a strict 'HZ-module, hence are motives. 

Let Spt5.i(fc) denote the category of S'^-spectra. The motivic analog is the 
category of effective motives over fc, DAP-^^ (k). We consider the motivic Postnikov 
tower in the homotopy category of S'^-spectra, S'Hgi{k), and ask the question: 

(1) is there a ring object in Spt5i(fc), Hlf^^ , such that the homotopy cate- 
gory of T-Llf^^ modules is equivalent to the category of effective motives 
DM''ff{k)l 

(2) What properties (if any) need an S'^-spectrum E have so that the slices 
SnE have a natural structure ofhave a natural structure as the Eilenberg- 
Maclane spectrum of a homotopy invariant complex of presheaves with 
transfer? 

Naturally, if T-Llf^^^ exists as in (1), we are asking the slices in (2) to be (strict) 
'Hlf^^ modules. Of course, a natural candidate for Hlf^^ would be the 0-5^- 
spectrum of T^Z, fij^T^Z, but as far as I know, this property has not yet been 
investigated. 

As we shall see, the 0-S'^-spectrum of a P^-spectrum does have the property that 
its {S^) slices are motives, while one can give examples of S'^-spectra for which the 
0th slice does not have this property. This suggests a relation of the question of the 
structure of the slices of an S'-'^-spectrum with a motivic version of the recognition 
problem: 

(3) How can one tell if a given S'^-spectrum is an n-fold P^-loop spectrum? 

In this paper, we prove two main results about the "motivic" structure on the 
shces of S^-spectra: 

Theorem 2. Suppose charfc — 0. Let E be an -spectrum. Then for each n > 1, 
there is a tower 

■ ■ ■ P>p+lSnE p>pSnE SnE 

in ST-lsi{k) with the following properties: 

(1) the tower is natural in E. 

(2) Let Sp nE be the cofiber of p^^^iS^E — > pypS^E. Then there is a homotopy 
invariant complex of presheaves with transfers frp{{snEY^''^)* £ DM'^_l^ (k) 
and a natural isomorphism in SUs^i^), 

SMAi(7rp((s„G)("))*) 

where EMp^i : DMtl^ {k) — > SHs^ik) is the Eilenberg-Maclane spectrum 
functor. 

This result is proven in section [51 

One can say a bit more about the tower appearing in theorem [21 For instance, 
holimp fib(p>pS„i? — > SnE) is weakly equivalent to zero, so the spectral sequence 
associated to this tower is weakly convergent. If SnE is globally iV-connected (i.e., 
there is an N such that SnE{X) is iV-connected for all X G Sm/k) then the spectral 
sequence is strongly convergent. 
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In other words, the higher shoes of an arbitrary S'^-spectrum have some sort 
of transfers "up to filtration". The situation for the 0th shoe appears to be more 
comphcated, but for a P^-loop spectrum we have at least the following result: 

Theorem 3. Suppose charfc ~ 0. Take E e S'Hpi{k). Then for all m, the homo- 
topy sheaf TTmiso^^r^E) has a natural structure of a homotopy invariant sheaf with 
transfers. 

We actually prove a more precise result (corollarv l8.5|) which states that the 0th 
slice soil.piE is itself a presheaf with transfers, with values in the stable homotopy 
category SH, i.e., SQ^lpiE has "transfers up to homotopy" . This raises the question: 

(4) Is there an operad acting on softpiE which shows that so^piE admits 
transfers up to homotopy and higher homotopies up to some level? 

Part of the motivation for this paper came out of discussions with Helene Esnault 
concerning the (admittedly vague) question: Given a smooth projective variety X 
over some field k, that admits a 0-cycle of degree 1, are there "motivic" properties 
of X that lead to the existence of a fc-point? The fact that the existence of 0- 
cycles of degree 1 has something to do with the transfer maps from 0-cycles on Xl 
to zero-cycles on X, as L runs over finite field extensions of fc, while the lack of a 
transfer map in general appears to be closely related to the subtlety of the existence 
of fc-points led to our inquiry into the "motivic" nature of the spaces r2piEpiX+, 
or rather, their associated S'^-spectra. 

Notation and conventions. In this paper, we will be passing from the unstable 
motivic (pointed) homotopy category over k, H^^k), to the homotopy category of 
motivic 5^-spectra over fc, S'Hgi{k), via the infinite (simplicial) suspension functor 

Ef^ : ■H.{k)^Sns^{k) 

For a smooth fc-scheme X G Sm/fc and a subscheme F of X (sometimes closed, 
sometimes open) , we let {X, Y) denote the homotopy push-out in the diagram 

Y >X 



Spec k 

and as usual write X+ for {X 11 Spec fc, Spec/c). We often denote Spec A: by *. For 
an object S of Hm{k), we often use S to denote 'SfS € SHs^{k) when the context 
makes the meaning clear; we also use this convention when passing to various 
localizations of SHsiik). 

Regarding the categories Spt5i(/c), SHs^ik) and S'H{k), we will use the no- 
tation spelled out in In addition to this source, we refer the reader to 
[SI m im [TH [TH m]. For details on the category DM''^f{k), we refer the reader 

to [am. 

Dedication. This paper is warmly dedicated to Andrei Suslin, who has provided me 
more inspiration than I can hope to tell. 
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1. Infinite P^-loop spectra 
We first consider the case of the 0-S'^-spectrum of a P^-spectrum. We let 
n^, -.SHik) -^SHsiik) 

: DM{k) ^ DM^ff{k) 
be the (derived) 0-spectrum (resp. O-complex) functor, let 
EMai : DM{k) SH{k) 
EMa^ ^ : DM^'f ^ (fc) SHsi {k) 
the respective Eilenberg-Maclane spectrum functors. 
Theorem 1.1. Fix an integer n > 0. Then there is a functor 

Moff^{sn) : SHik) ^ DM^^^ (k) 
and a natural isomorphism 

of functors from SHik) to S'Hs^{k).In other words, for £ e SHik), there is a 
canonical lifting of the slice s^^{^^i£) to a motive Mot^-^^ {sn){£)- 

Proof. By Pelaez, there is a functor 

Mot{sn) : Sn{k) DM{k) 

and a natural isomorphism 

$„ : EMa-^ o Mot{sn) Sn 

i.e., the shcc SnS lifts canonically to a motive Mot{sn){£)- Now apply the O-complex 
functor to define 

Mofff{sn) := ^^.^rnot ° Mot{sn). 
We have canonical isomorphisms 

EM Ai^^ ^ o o Mot{sn) = o EMai o Mot(s„) 

= ripl O Sn 

as desired. □ 
In other words, the slices of an infinite P^-loop spectrum are effective motives. 

2. An example 

We now show that the 0th slice of an 5^-spectrum is not always a motive. In 
fact, we will give an example of an Eilenberg-Maclane spectrum whose 0th slice 

does not have transfers. 

For this, note the following: 

Lemma 2.1. Let p :Y ^ X be a finite Galois cover in Sm/fc, with Galois group 
G. Let be a presheaf with transfers on Sm/k. Then the composition 

p*op,:J^{Y)^F{Y) 
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is given by 

p* op^{x) = '^g*{x) 

geG 

Proof. Letting Tp C Y x X he the graph of p, and Tg C Y x Y the graph of 
g : Y ^ Y for g € G, one computes that 

geG 

whence the result. □ 

Now let C be a smooth projective curve over k, having no fc-rational points. We 
assume that C has genus 5 > 0, so every map Ap —^Cf over a field F D fc is 
constant (C is -rigid). 

Let Zc be the representable presheaf: 

Zc{Y) :=Z[Homs™/fc(F,C)] 

Zc is automatically a Nisncvich sheaf; since C is A^-rigid, Zc is also homotopy 
invariant. Furthermore Zc is a birational sheaf, that is, for each dense open im- 
mersion U ^Y in Sm/fc, the restriction map Zc(F) — > Zc{U) is an isomorphism. 
Indeed, it is the same to say that Homsm/fc(^i C*) Homs^/fc(?7, C) is an isomor- 
phism. If now / : J7 ^ C is a morphism, then the closure F in F x C of the graph 
of / maps birationally to Y via the projection. But since Y is regular, each fiber 
of F — > y is rationally connected, hence maps to a point of C, and thus F y is 
birational and 1-1. By Zariski's main theorem, F — >■ y is an isomorphism, hence / 
extends to / : F — )• C, as claimed. 

Next, Zc satisfies Nisnevich excision. This is just a general property of birational 
sheaves. In fact, let 




be an elementary Nisnevich square, i.e., the square is cartesian, / is ctale, jjj and 
jv are open immersions, and / induces an isomorphism Y \ V ^ X \ U . We may 
assume that U and V are dense in X and Y. Let be a birational sheaf on Sm/fc, 
and apply to this diagram. This gives us the square 



r 



f\v 



J^{Y) > T{V) 

iv 

As the horizontal arrows are isomorphisms, this square is homotopy cartesian, as 
desired. 

In particular, the (simplicial) Eilenberg-Maclanc spectrum EM s(Zc) is weakly 
equivalent as a presheaf on Sm/fc to its fibrant model in STLs^ik) {EMs{Zc) is 
quasi- fibrant) . In addition, the canonical map 
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is an isomorphism in SUs^i^)- Indeed, since EMs{^c) is quasi- fibrant, a quasi- 
fibrant model for so{EMs{'Zc)) may be computed by using the method of [HI §5] 
as foUows: Take Y G Sm/k and let F = k{Y). Let A^q be the semi-local algebraic 
rt-simplex, that is, A^q = Spec(OAj.,u)) where v = {vq, . . . , w„} is the set of vertices 
in A^, and Oaj,,!; is the semi-local ring of v in A^. The assignment n i~> A^q 
forms a cosimplicial subscheme of n i-t- A^ and for a quasi-fibrant S'^-spectrum i?, 
there is a natural isomorphism in SJi 

soiE)iY) - E{A*p^,), 

where E{A*p q) denotes the total spectrum of the simplicial spectrum n E{A^pq). 
If now E happens to be a birational S'^-spectrum, meaning that j* : E{Y) — > E{U) 
is a weak equivalence for each dense open immersion j : U — y in Sm/fc, then the 
restriction map 

f : E{A*y) ^ i?(A^,o) = so{E)iY) 
is a weak equivalence. Thus, as E is quasi-fibrant and hence homotopy invariant, 
we have the sequence of isomorphisms in SH 

E{Y) ^ E{A*y) ^ i?(A^,o) = s^{E){Y), 

and hence E so{E) is an isomorphism in SHs^{k). Taking E = EMgil-c) 
verifies our claim. 

Finally, Zc does not admit transfers. Indeed, suppose Zc has transfers. Let 
k ^ Lhe a, Galois extension such that C{L) ^ 0; let G be the Galois group. Since 
2c(fc) — {0} (as we have assumed that C{k) = 0), the push- forward map 

: I.c{L) Zc{k) 

is the zero map, hence p* op^, = 0. But for each L-point x of C, lemma [01 tells us 
that 

geG 

a contradiction. 

Thus the homotopy sheaf 

TTo{soEM,{Zc)) = TTo{EMs{Zc)) = Zc 

does not admit transfers, giving us the example we were seeking. 

3. Co-transfer 

We recall how one uses the deformation to the normal bundle to define the 
"co-transfer" 

(Pi.,l)^(pi-(S),1) 

for closed point x £ Ap C Fp, with chosen generator / G mx/m%. For later use, 
we work in a somewhat more general setting: Let i? be a semi-local fc-algebra, 
smooth and essentially of finite type over fc, and x a regular closed subscheme of 
P^\{1} C P^, such that the projection x — ?> Speci? is finite. We choose a generator 
/ G rrLx/m^, which we lift to a generator / for the ideal C Opi^j. 

Let ^ : Wx — P"^ X be the blow-up of P^ x A)j along (i, 0) with exceptional 
divisor E. Let Sj, Co be the proper transforms = x A^], Co = ^~^[P^ x 0]. 

Let t be the standard parameter on A-'^; the rational function //t restricts to a 
well-defined rational parameter on E. We identify E with Pj by sending n 
to 0, Co n to 1 and the section on E defined hy f /t — 1 to oo. Note that this 
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identification depends only on / £ mx/m^. We denote these subschemes of E by 
0, oo, 1, respectively. 

We let E^^\ (P]^)(") be following homotopy push-outs 

W^^ := {Wx,Wx\sx), 

(Pj^)(°) := (P^PUO). 
Since (Ai,0) = * in Ht^k), the respective identity maps induce isomorphisms 

{E,l) ^ E'^"\ 

Combining with the isomorphism (Pi, 1) = {E, 1), the inclusion E — s> Wx induces 
the map 

The homotopy purity theorem of Morel- Vocvodsky (TSl theorem 2.23] implies as a 
special case that io is an isomorphism in We prove a modification of this 

result. Let si := A]^ x 1. We write W for Wx, etc., when the context makes the 
meaning clear. 

Lemma 3.1. The identity on W induces an isomorphism 

(W,CqUsi) W'-'^I 

in 

Proof. As si = A}j, with Cq Ci si — 0, the inclusion (Co,0) — (Co U si,0) is 
an isomorphism in ?^,(fc). Thus, we need to show that {W,Co) — M/^'**) is an 
isomorphism in H,(fc). As H/f'**) = (W, W\sx), we need to show that Co — ?• W\sx 
is an isomorphism in 'H{k). 

heiU = W\sx, E^ ^ Er\U,V ^U\E^ and F n Co. We first show 

that the diagram 




is co-cartesian in TL{k). For this, we know from Morel- Voevodsky that the 
cofiber of — J7 is isomorphic to the Thom space of the normal bundle N of E^ 
in U. As E ^ pi and i? n — ^ x is an isomorphism, E^ is isomorphic to and, 
as X is semi-local, N is the trivial bundle. Thus we have the co-cartesian diagram 



V >U 
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Similarly, we have the co-cartesian diagram 

> Co 

* > I]pl02+. 

As the inclusion Og — !■ K\ is an isomorphism in 'H{k), our first diagram is co- 
cartesian, as desired. 

Next, we note that the blow-down map ^ : W -^F^ xA]^ induces isomorphisms 

^ X A]j \ X X A)j 

Co -> P], X 

Co^^pi xO\{(S,0)} 

Thus U is isomorphic in 7{(fc) to the homotopy push-out in the diagram 

pi X \ {{x, 0)} > xA]^\xx A)j 

P}j X 

But by the contradictibility of A]^, the upper horizontal arrow is an isomorphism 
in 'H(fc), and thus Co — > ?7 is an isomorphism in T-L{k), completing the proof. □ 

Lemma 3.2. The inclusion E ^ W induces an isomorphism 

(Pi,l) ^ (iys,CoUsi) 

in T-i,{k). 

Proof. We have the commutative diagram 

(Pif) >(W^,CoUsi) 




The diagonal arrow is an isomorphism in H,{k) by Morel- Voevodsky; the vertical 
arrow is an isomorphism by lemma 13.11 □ 

One usually defines the "co-transfer" 

(P],,,l)^(Pi,l) 

as the composition 

(Pj„l)^W^i-)^(pi,l). 
Instead, we will use the composition co-tr^ jf in 'H,{k), 

{F],,l)^{W,,CoUs^)^{Fll). 

which is well-defined by lemma 13.11 Comparing with the usual co-transfer via the 
isomorphism of lemma 13.21 

iW,,CoUsi)^wt\ 
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shows that the two co-transfer maps agree. 

We examine some properties of co-tr^. j. Let s be the standard parameter on . 

Lemma 3.3. Take x = 0, f ^ s. The map co-tro,s ■ i^pA) ^ i^A) is the 
identity in 'H,{k). Similarly, the map co- tr^ s-i ■ (I^F' 1) ^ (I^F' 1) identity 
in Ht{k) 

Proof. The assertion for co-tr^ ^-i follows from the statement for co-tro,s by ap- 
plying the automorphism of (P^, 1) exchanging and oo. Identify A'^ with P^ \ {!}, 
sending to and 1 to cxd. This embeds the blow-up W := Wo in the blow-up W 
of P^ X ¥\ at (0,0), with ii being the inclusion 

ioo : P^ = Pi X oo ^ pi X Pj,. 

The curve Cq on W has self- intersection -1, and can thus be blown down via a 
morphism 

p:W ^W. 

Let A C P]^ X P^ \ {1} be the restriction of the diagonal in P]^ x P^, giving us the 
proper transform /i^^[A] on W and the image A' = /9(/i~^[A]) on W' . Similarly, 
let Sq — p{so), s'l — p{si); note that p{Co) C s[. It is easy to check that Sq, A' 
and s[ give disjoint sections of W ^> P^ \ {!}, hence there is a unique isomorphism 
(over Pi \ {1}) of W with P], x pi \ {1} sending (sj,, s[,A') to (0, 1, oo) x P^ \ {!}. 
We have in addition the commutative diagram 

(Pi,, 1) (W, Co U si) ^ (Pi,, 1) 



where i'g is the canonical identification of P^ with the fiber of W over 0, sending 
(0, 1, oo) into (sq, s'i,A'), and i[ is defined similarly. Finally, the intersection AflE 
is the point s/t = 1 used to define the isomorphism E = ¥p in the definitiion 
of co-tro^s- It follows from lemma 13.21 that all the morphisms in this diagram are 
isomorphisms in H,(fc); as Iq~^ o i'^ is clearly the identity, the lemma is proved. □ 

Lemma 3.4. Let R ^ R' be a flat extension of smooth semi-local k-algebras, 
essentially of finite type over k. Let x be a closed subscheme o/P^ \ {1}, finite and 
etale over R. Let x' = x Xfi R' C V]^, . Let f be a generator for nix/m'^, and let f 
be the extension to rrix' /rn^, . Then the diagram 

(P},„1) ^(P^„l) 



(Fk, 1) ^^Ti^ (IP- 1) 

commutes. 

The proof is easy and is left to the reader. 
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4. Co-croup structure on 

Let = \ {0}, which wc consider as a pointed scheme with base-point 1. 
We recall the Mayer- Vietoris square for the standard cover of 




30 i 

— — 



Here Zo(A-'^) = P-*^ \ {oo}, ?c»(A^) = P^ \ {0} and the inclusions are normalized by 
sending 1 to 1 = (1 : 1). This gives us the isomorphism in T-L,(k) of P"'^ with the 
homotopy push-out in the diagram 

Gm A^ 
jo 

A} 

combining with the contractibility of A^ gives us the canonical isomorphism 

This together with the standard co-group structure on , 

makes (P^, 1) a co-group object in 'H,{k); let 

C7pi :=c7AidG„ : (P\ 1) ^ (P\ 1) V (P\ 1) 

be the co-multiplication. In this section, we discuss a more algebraic description of 
this structure. 

The function / := s/{s — 1)^ on P^ \ {1} and the deformation to the normal 
bundle used in the previous section gives us the collapse map 

co-ir{o,oo},/: (P\1)^(PS1)V(P\1). 
Lemma 4.1. co-tr^Q ^^j. j = crpi in'H,{k). 

Proof. We first unwind the definition of api in some detail. The isomorphism 
a: h Gto (P^, 1) in 'H,{k) arises via a sequence of comparison maps between 
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push-out diagrams: 



(4.1) 



Jo 



I X Gm. < 1 X 

io 

OxGm 

jo 

X 

i 

/ X Gm ^r-^ 1 X 

io 

X G„ 



1 X 



the first map is induced by tlic evident projections and the second by contracting 
to *. Thus, the open immersion G^ — >■ goes over to the map / x G„i AG^ 
given by the bottom push-out diagram; as the inclusion {1/2} x Gm, — >■ / x Gm 
admits a deformation retract, we have the isomorphism 



>\Gm) ^- 6"^ AGm Ai 



in 'H»{k), giving the commutative diagram 



(pi,l) Z ^5iAGm 

CTAid 

51 A Gm V A Gm- 



If we consider the middle push-out diagram, we find the isomorphism of (P^,Gm) 
with (0 x A-^, x Gm) V (1 x A-^, 1 x Gm) in V.,, with the first inclusion the standard 
one Ai \ {0} A^, and the second the inclusion (P^ \ {0, 00}, 1) (P^ \ {0}, 1). 
The map from the middle diagram to the last diagram furnishes the commutative 
diagram of isomorphisms 

(0 X AS X Gm) V (1 X AS 1 X Gm) A Gm V A Gm 

■Si)v(pi,i) 
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in Htik). Putting this all together gives us the commutative diagram in ?^,(fc): 
(4.2) (P\ 1) ^ > 51 A G„ 

(Pi, G™) > (51 A G™, / A (G„0 




(PM)v(pi,i), 



We thus need to show that the resulting map (P^, 1) — > (P^, 1) V (P"^, 1) is given by 

Let jo : — i> P^ be the standard afhne neighborhood of 0, and joo : — > P^ 
the standard afRne neighborhood of oo. The maps jo, joo induce the isomorphisms 
in n,{k) 

JO : (A\G„0 ^ (P\joo(Ai)) 
joo:(Ai,G™)^(P\io(Ai)) 

giving together the isomorphism r : (P\ 1) V (P\ 1) ^ (A^, G„0 V (A\ G,„): 

(P\l) V(P\1) ^ (P\joo(Ai)) V(P\jo(Ai)) ifl!^ (Ai,G„0 V(Ai,G™). 

By comparing the maps in this composition with the push-out diagrams in (j4.ip . 
we see that r is the inverse to 

Let — P^ X A^ be the blow-up at ({0, 00}, 0) with exceptional divisor E. We 
have the composition of isomorphisms in 'H,{k) 

(4.3) (P\ G„0 ^{W,W\ s{o,oo}) A {E, CoHE)^ {P\ 1) V (P\ 1). 

where ip is given by the isomorphism P^ n P^ — > i? defined via the function /. 

The open cover (jo, joo) : A^ 11 A-'^ — P^ of P^ gives rise to an open cover of W: 
Let fi' : W X be the blow-up at (0, 0), then we have the lifting of {jo, joo) 

to the open cover 

UoJoo):W'UW' ^W. 

Letting s' C W be the proper transform of x A^ to W , we have the excision 
isomorphism in ?^,(fc) 

(jo, joo) : (W, W \ s') V {W, W \ s') ^{W,W\ S{o,oo}). 
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(4.4) 



This extends to a commutative diagram of isomorphisms in T-l,{k) 

O o J oo) 



(Ai,(G™) V(Ai,(G, 
{W',W'\s')V {W',W'\s') 
{E' , E' n Clt) V {E' , E' n CI)) 
(pi,i) V(P\1)^^ 



(io Joe) 



-^(P\G™) 



-^iE,EnCo) 



^=^= (P\ 1) V (P\ 1). 

Here the map (p' is defined using the standard coordinate on as generator for 
too/toq; this is where we use the special property of the function /. Examining the 
push-out diagram (|4.1I) , we see that the map 

Oo,Joo) : (A\(E„0 V (AKGra) ^ (P\G™) 
is inverse to the map e in diagram 



Let Wo — >■ P"^ X A^ be the blow-up along (0,0), E° the exceptional divisor, Cq 
the proper transform of x 0. The inclusion jo gives us the commutative diagram 

(pi,i)v(pi,i) 



(Ai,G™)V(Ai,G„) 
{W',W'\s')\/ {W',W'\s') 

io vio 

{E',E' nci))y {E',E' nci,) 
(pi,i)v(pi,i)^= 




(iovjo 



O O J oo) 



> (pi,Ai) V (pi,Ai) 

-^(VKo,Wo\so)V(Wo,VKo\so) 

ioVio 



>(£;o,i;"ncg)v(so,£;Onc^) 

(P\l) V (P\l). 



By lemma 13.31 the composition along the right-hand side of this diagram is the 
identity on (P^,l) V (P^,l), and thus the composition along the left-hand side 
is ^1 : (A\G,„) V (A\(G™) ^ (P\ 1) V (P\l). Referring to diagram g^J), as 
£ — (jO: Joo)^^, the composition along the right-hand side of (|4.4p is the map 6. As 
the right-hand side of (|4.4I) is the deformation diagram used to define co-tr^Q j, 
the lemma is proved. □ 

5. Slice localizations and co-transfer 

In general, the co-transfer maps do not have the properties necessary to give 
a loop-spectrum fipii? an action by correspondences. However, if we pass to a 
certain localization of S%si{k) defined by the slice filtration, the co-transfer maps 
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do respect correspondences, which will lead to the action of correspondences on 

We have the localizing subcategory EpiiS?^5i (fc), generated (as a localizing sub- 
category) by objects of the form Y^piE, for E G STis^ik). We let ST-Ls^{k) / fn 
denote the localization oi SHs^ik) with respect to J^piSTLs^ik): 

snsi{k)/fn = snsi{k)/j:'^isnsi{k). 

Remark 5.1. Pelaez has shown that there is a model structure on Spt5i(fc) with 
honiotopy category equivalent to S'Hs'^ik) / fn] in particular, this localization of 
ST-Ls^ (k) does exist. 

Lemma 5.2. Let V ^ U be a dense open immersion in Sm/k, n > 1 an integer. 
Then the induced map 

is an isomorphism in S'Hsi{k) / fn+i- 

Proof. We can filter U by open subschemes 

V = Un+1 CUn C.cUa^^U 

such that Ui+i — Ui \ Ci, with Ci C Ui smooth and having trivial normal bundle in 
Ui, of rank say r^,, for i = 0, . . . , A^. By the Morel- Voevodsky purity theorem [TSj 
theorem 2.23], the cofiber of C/i+i — > Ui is isomorphic in ?^,(fc) to SpiCi+, and thus 
the cofiber of S]piJ7i+i+ — > EpiJ7i+ is isomorphic to I]pi^"Ci+. Since V is dense in 
[/, we have r,; > 1 for all i, proving the lemma. □ 

We recall the blow-up := Ws P)j x A^. 

Lemma 5.3. Let mn C R be the Jacobson radical of R and let S be the semi- 
localization of R[t] with respect to the ideal t{t — 1) + m. Let Spec S — > Spec R[t] = 
A}j be evident open immersion. Let Ws, si^s be the respective fiber products ofW, 
si with Specs' over A]^. Then the inclusion Ws — >■ W induces an isomorphism 

(VFs,CoUsi,s) ^ (VF,CoUsi) 

in 57^51 (fc)//2. 
Proof. We note that 

W x^i^ A), \ {0} - Pi X Ajj \ {0} 

and thus the cofiber of Ws -^Wis isomorphic to the cofiber of 

(P^ X Spec S[t-^], 1) ^ (P^ X Ajj \ {0}, 1) 

We can form SpecS'[t^^] from A]^ \ {0} as a filtered projective limit of open 
subschemes Ua of Ajj \ {0}, by successively removing smooth closed subschemes 
Ca C Ua from Ua to form Ua+i] we may also assume that each Ca has trivial 
normal bundle in Ua. The cofiber of 

(Pl X [/„+!, 1) ^ (Pl X Ua,l) 

is thus isomorphic in 'Ht{k) to the pair of Thom spaces {Th{0'!pi^(j^),Th{0'[^Q^)) 
for some r > 1. As this is isomorphic to Spi(P^ , \ca) — ^pi'^Ca+ this cofiber is 
in T,piS'Hsi{k) for all a. Since TipiSHs^ik) is localizing, the cofiber of Ws — > W 
is in YipiSHs^ik), as desired. □ 
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Lemma 5.4. Let W <Z U be a codimension > r closed subscheme of U E Sm/k, 
let wi, . . . ,Wm be the generic points of W of codimension = r in U . Then in 
ST-Lgi / fr+i there is a canonical isomorphism 

Specifically, letting mi C Ojj.wi be the maximal ideal, this isomorphism is indepen- 
dent of any choice of isomorphism mi/ml = k{wiY' . 

Proof. Let w = {wi, . . . .Wm} and let Ou,w denote the semi-local ring of w in U. 
Let V C U he the projective limit of open subschemes of U of the form U\C, where 
C is a closed subset of U contained in W. Since V r\W = w, we see that V n has 
trivial normal bundle in V and thus by the Morel- Voevodsky purity isomorphism 
[151 loc. cit] 

On the other hand, we can write ^ as a filtered projective limit of open subschemes 
Ua of U, with Ua+i = Ua \ Ca, for some closed subset Ca of W which is smooth, 
contains no Wi, and has trivial normal bundle in Ua- In particular, Ca has codi- 
mcnison > r + I in Ua, and thus 

{Ua,Ua + l)=Th{02'J = -SpiCa + 

is in Spf "'^iSH^i (fc). Therefore the map 

{v,v\vnw) ^ {u,u\ w) 

is an isomorphism in SHgi {k)/ fr+i- 

We need only verify that the resulting isomorphism (J7, U \ W) = ®'^^i'S,pi'Wi+ 
is independent of any choices. Letting O denote the Henselization of w in V, we 
have the canonical excision isomorphism 

{V,V\V nW) ^ (Spec O, Spec 0\w) 

A choice of isomorphism 

"2tt,/m^, = k{wy 

then gives the isomorphism in T-L,{k) 

^ (Spec O, Spec O \ w); 

this choice of isomorphism is thus the only choice involved in constructing our 
isomorphism {U,U \ W) = ©™ j^Epi Explicitly, the choice of isomorphism 

mw/mt, =^ k{wY is reflected in the isomorphism (Spec O, Spec O \ w) ^ 
through the identification of the exceptional divisor of the blow-up of x along 
?z; X with P;,. 

Let Iso denote the k{w) scheme of isomorphisms m^/mf^ ~ A;(w)''. We thus 
have a canonical morphism in H^^k) 

(5.1) S^iIso+ ^ (Spec O, Spec 0\w) 

such that, for each A:(iJ7)-point a of Iso, the composition 

^ pi ^ 

Spi ■W+ — — > Epi Iso+ (Spec O, Spec O \ w) 
is the isomorphism in 'H,{k) described above. 
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We note that Iso is a trivial principal homogeneous space for Ghj./k{w)i hence 
isomorphic to an open subscheme of AJJj.^,-j, and thus (A'' ,Iso) is in SpiiSH^i (fc). 
We thus have the isomorphism in S'Hgi{k) / f^+i 

Spilso-)^ = I]piA^_|_ = Spiw^, 

from which it easily follows that the map SpiO; in S'Hs'^{k) / fr+i is independent of 
the choice of a, completing the proof. □ 

Remark 5.5. As a particular case, we have a canonical isomorphism 

lAcoo : (P\G„0 ^ (P\l) V(P\l) 

in ST-Ls^ (fc)//2, independent of any choice of generator for too,oo/"1o oo- This sim- 
plifies our description of the co- multiplication on (P^,!) at least if we work in 
SHs^ik)/ f2, as being given by the composition 

(Pi, 1) ^ (P\ G™) ^ (Pi, 1) V (P\ 1). 

Similarly, for each a € P^(F), we have a canonical isomorphism ipa ■ {Fp,Pp \ 
{a}) O^F, 1) in STis^ik)/ f2', by lemma [331 the composition 

(Pi,,l)->(pi,,pi,\{a})^(pi,,l) 
in S'Hsi{k) / f2 is the identity. 

Lemma 5.6. Let /i„ : (P]^,cx)) — s> (P)^,,oo) he the /i„(l : i) — Assume the 

characteristic of k is prime to n\. Then in iS'Hgi (fc)//2, fin is multiplication by n. 

Proof. The proof goes by induction on n, starting with n — 1,2. The case rt = 1 is 
trivial. For n — 2, we have the commutative diagram 

(Pi,,oo) >(pi,,pi,\{±l}) 



(Pi,,^) ^(Pi,,pi,\{l}) 

The bottom horizontal arrow is an isomorphism in using remark [53] we see 

that this diagram gives us the factorization of fi2 (in STis^ik)/ f2) as 

(P^, oo) A (Pi,, oo) V (P^, oo) (pi,, oo). 

Here a is the co- multiplication (using oo instead of 1 as base-point). Since [(id V 
id) Off]* is multiplication by 2, this takes care of the case n = 2. 

In general, we consider the map pn : (P^,oo) — >■ (P^,oo) sending (1 : t) to 
(1 : w) :— (1 : t" — t"~^ -|- 1). As above, we localize around w = 1. Note that 
Pn^{l) = {0, 1}; we replace the target P^ with the Henselization O at w — 1, and 
see that ¥^ Xp^O breaks up into two components. On the component containing 0, 
the map pn is isomorphic to a Hensel local version of Pn-i, and on the component 
containing 1, the map pn is isomorphic to the identity. More explicitly, we have the 
following commutative diagram (in S'Hsi{k) / f2) 

(P],, oo) > (P^, P^ \ {0, 1}) (P^, oo) V (P]., oo) 

Mil /^,i-iVid 
(pl,, ^) , (pl,,pl, \ {1}) _ > (pi,, oo) 
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As the upper row is the co-muhiphcation (m ST-Ls^ (fc)//2), our induction hypothesis 
shows that p„ (in ST-Ls^i^) / f^) multiphcation by n. On the other hand, we may 
form the family of morphisms 

p„(s) : (P^ X A\ oo X A^) ^ (P^ X A\ oo X A^) 

sending (io : ti,s) to (tp : — stot"^^ + tg). By homotopy invariance, we have 
Pn{0) = and the induction goes through. □ 

While we are on the subject, we might as well show 

Proposition 5.7. The co-group ((P"'^, 1), crpi) in S'Hgi{k)/ f2 is co-commutative. 

Proof. In P^ X P^, consider the diagonal A and anti-diagonal A', defined by xqi/i — 
xiUo — and xiyi — xqUq = 0, respectively. In affine coordinates, these are y = x 
and y = 1/x, respectively, hence A n A' consists of the two points (1,1) and 
(-1, -1). Thus, if we restrict to [/ x P^, L/ = P^ \ {±1}, the subscheme Ay U A'^ 
oi U X P^ is etale and finite over U and is disjoint from U x 1. This gives us the 
map 

: (?7 X P\ [/ X 1) ^ ([/ X pi, [/ X pi \ Ac/ U A'^;) 

The composition ?7 x P^ — > A^ x P^ — P^ shows that the projection induces an 
isomorphism 

{U xF\U xl)-^ (P\l) 
in ST-Lsiik)/ f2, while on the other side, we have the Thom isomorphism 

{U xF\U xP^\AuU A'jj) ^ Th{NAu) V Th{NA'^) = T,piU+ V T,piU+, 

which in turn is isomorphic to (P^, 1) V (P^, 1) in ST-Lg^ (fc)//2. As the restriction of 
CT to G [/ is the map a and the restriction to oo G C/ is tr followed by the exchange 
isomorphism 

T : (P\ 1) V (P\ 1) (P\ 1) V (P\ 1), 

(using remark 15.51 to avoid specifying the choice of trivialization in the Thom iso- 
morphism) we have proven the co-commutativity. □ 

We now return to our study of properties of the co-transfer map in STigi (fc)//2. 
We already know that, for a given closed point x G Pp, the map 

co-ir^j:(pi,,l)^(pi,(,),l) 

in SHs^ik)/ f2 is independent of the choice of generator / G mx/rn^; we denote 
this map by co-trx- 

Suppose we have a semi-local smooth fc-algebra A, essentially of finite type, and a 
finite extension A — > _B, with B smooth over k. Suppose further that B is generated 
as an A-algebra by a single element x d B: 

B = A[x]. 

We say in this case that is a simply generated A-algebra. 

Let / G A[T] be the minimal monic polynomial of a:, giving us the point x' of 
A\ = Spec A[T] with ideal (/). We identify A\ with P\\{1} as usual, giving us the 
subscheme x of Pji \ {1}, smooth over k and finite over Spec A, in fact, canonically 
isomorphic to SpecB over Spec A via the choice of generator x. Let 

ipx '■ X ^ Spec B 



18 



MARC LEVINE 



be this isomorphism. We let / be the generator of rrix/ml determined by /. Via 
the composition 

we have the morphism 

co-ir, :(Pii,l)^(PB,l) 

in H,{k). 

Lemma 5.8. Suppose that Spec B — > Spec A is etale over each generic point of 
Speol. Then the map co-trx ■ (Pji,l) — >■ (P^j,!) in SHs^ik)/ f2 is independent of 
the choice of generator x for B over A. We write co-tr b/ a for co-trx- 

Proof. We use a deformation argument; we first locaUze to reduce to the case of 

an ctalc extension A ^ B. For this, let a G A be a non-zero divisor, and let x 
be a generator for B as an A-algebra. Then a; is a generator for B[a^^] as an 
A[a~i]-algebra and we have the commutative diagram 

n[a-] — >v\ 

co-tr^ 
^^Bfa-i] > IPb' 

with horizontal arrows isomorphisms in S'Hs^{k)/ f2- Thus, we may assume that 
A B \s etale. 

Suppose we have generators x ^ x' for B over A\ let d = [B : A\. Let s be 
an indeterminate, let x{s) = sx + {\ — s)x' G B[s\, and consider the extension 
Bs := A[s][x(s)] of A[s\, considered as a subalgebra of B[s\. Clearly B^ is finite 
over A[s]. 

Let ruA C A be the Jacobson radical, and let A{s) be the localization of A[s\ 
at the ideal (m^j4[s] + s(s — 1)). In other words, A{s) is the semi-local ring of 
the set of closed points {(0, a), (1, a)} in x Spec A, as a runs over the closed 
points of Spec^. Define B{s) := B ®a A{s) and Bs := Bs ®a A{s) C B{s). Let 
y = (l,ci) be a closed point of A{s), with maximal ideal m^, and let Xy be the 
image of x in B{s)/myB{s). Clearly Xy is in the image of B^ — >■ B{s)/myB{s), 
hence B^ — >■ B{s)/myB{s) is surjective. Similarly, Bs — > B{s)/myB{s) is surjcctive 
for all y of the form (0,a); by Nakayama's lemma Bg = B{s). Also, B(s) and A{s) 
are regular and B{s) is finite over A{s), hence B{s) is flat over A{s) and thus B{s) 
is a free A(s)-module of rank d. Finally, B{s) is clearly unramified over A{s), hence 
A{s) B{s) is etale. 

Using Nakayama's lemma again, we see that B{s) is generated as an A{s) mod- 
ule by l,x{s),x{s)^ , . . . ,x(s)^^i. It follows that x{s) satisfies a monic polynomial 
equation of degree d over A(s), thus x(s) admits a monic minimal polynomial fs 
of degree d over A{s). Sending T to x{s) defines an isomorphism 

^s:Ais)[T]/ifs)^Bis). 

We let Xs C ^A{s) ~ ^A{s) \ i^} closed subscheme of Va{s) corresponding to 

fs', the isomorphism (ps gives us the isomorphism 

iPs : Xs ^ Spec B{s). 
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Thus, we may define the map 

co-ir,(,):(Pi(,),l)^(pij(,),l) 
giving us the commutative diagram 

(Pi,i)^(n(s).i)^(pi,i) 



By lemma [521 and a hmit argument, the map (P^(s), 1) — > (1Pa[s]' 1) isomor- 
phism in SHsi{k)/ f2- By homotopy invariance, it foUows that the maps io,ii are 
isomorphisms in STLs^ik)/ f2, inverse to the map (P^j-j-), 1) — (P^, 1) induced by 
the projection Spec^(s) — ;> Spec A. Therefore co-trx' = co-trx, as desired. □ 



Lemma 5.9. co-ir^/^ — id^pi^ x)- 

Proof. We may choose 1 as the generator for A over A, which gives us the point 
X = G F\. The result now follows from lemma [3731 □ 

Lemma 5.10. Let A C be a finite simply generated extension and A C B C C 
a sub- extension, with B also simply generated over A. We suppose that A, B and 
C are smooth over k, and that A ^ B and A ^ C are Stale over each generic point 
of Spec A, and B ^ C is etale over each generic point of Spec B. Then 

co-trc/A = co-trc/BCO-trs/A- 

Proof. This is another deformation argument. As in the proof of lemma 15. 8[ we 
may assume that A B, B C and A ^ C are etale extensions. Let y be 
a generator for C over A, x a, generator for B over A. These generators give us 
corresponding closed subschemes y,x CF\ and ys C P)j. Let y{s) = sy+{l~ s)x, 
giving y{s) C P\(^-|. Note that y{l) = y, y(0)rcd = x 

As in the proof of lemma [5781 the element y{s) of C{s) is a generator over A{s) 
after localizing at the points of Spec A(s) lying over s = 1. The subscheme y{s) in a 
neighborhood of s = is not in general regular, hence y{s) is not a generator of C(s) 
over A{s). However, let fj. : W :— Wx ^ P^ x be the blow-up along {{x, 0)}, and 
let y C Wa{s) be the proper transform ii~^[y]. An elementary local computation 
shows that this blow-up resolves the singularities of y{s), and that y is etale over 
A{s); the argument used in the proof of lemma [578] goes through to show that 
A{s){y) = C(s). In addition, let Co be the proper transform to Wa(s) of P^ x and 
E the exceptional divisor, then y{0) is disjoint from Cq. Finally, after identifying E 
with F\[x] (using a the monic minimal polynomial of x as a generator for m^), we 
may consider y(0) as a closed subscheme of P)j; the isomorphism A{s)(y) = C{s) 
leads us to conclude that A{y{0)) = B{y) ~ C. By lemma [5751 we may use y to 
define co-trc/B- 

The map co-trc/A in S'Hs'^{k) / f2 is defined via the diagram 



(Pji,l)^(Pii,Pii\y)-(pi;,l) 
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where the various choices involved lead to equal maps. The inclusions ii : 
Wa(s), io ■ K[s] Wa(s) induce isomorphisms (in S'Hs^{k)/f2) 

(pJi, pJi \ x) - {WAis) , WAis) \ m) = (Km , Km \ y(o)). 

As in the proof of lemma we can use homotopy invariance to see that co-tr c/a 
is also equal to the composition 

{F\, 1) ^ (P^, P^ \ y) \ m) 

^(n[.],n[.]\y(o))-(p^,i). 

Now let SiA(s) be the transform to Wa{s) of the 1-section. The above factoriza- 
tion of co-tr c/ A shows that this map is also equal to the composition 

{F\,l) ^ {WAi,),Coiis,Ais)) ^ (Km^) ^ {K[,]\m) = (IPc,l)- 
Using lemma [5731 this latter composition is co-trc/B ° (co-tr b/a): as desired. □ 

Remark 5.11. 1. Suppose we have simply generated finite generically etale exten- 
sions Ai Bi, A2 ^ B2, with Ai smooth, semi- local and essentially of finite type 
over k. Then 

co-trB^xB2/AixA2 = co-tr B^/A^ y co-tr B2/A2 

where we make the evident identification (P^i XB2 ^ ^^Bi ' 1) ^ (^Sa ' ^) ^'^'^ 
ilarly for Ai,A2. 

2. Let -61,-62 be simply generated finite generically etale A algebras and let 
B ^ El X -02 • As a special case of lemma 15.101 we have 

co-tr B/A = {co-tr B^/A V co-tr B2/A) ° (^r\ 

Indeed, we may factor the extension A'^BasA-^A'KA^Bi'KB2 = B. We 
then use (1) and note that (Tpi^ — co-tr ax A/ A by lemma WA\ 

Next, we make a local calculation. Let {A^ m) be a local ring of essentially of 
finite type and smooth over k. Let s 6 m be a parameter and let B — A\T]/T^ — s 
and let t e -B be the image of T. Set Y = Spec-B, X = Spec^, Z = Spec74/(s), 
W — Spec B / (t); the extension A ^ B induces an isomorphism a:W ^ Z. We 
write co-try I X for co-tr B/A^ Gtc. This gives us the diagram in S'Hgi{k) / f2 

F\^^F\ 

co-try/x 

ill- 
Lemma 5.12. Suppose that n is prime to charfc. In STis^ik)/ f2 we have 

co-try /X o iz ° ce — n X iyy. 

Proof. First, suppose we have a Nisnevich neighborhood f : X' X oi Z in X , 
giving us the Nisnevich neighborhood g : Y' := Y x x X' ^ Y of W in Y. As 

co-try /X ° f = 9° co-try, /X' 



a 
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we may replace X with X' ^ Y with Y' . Similarly, wc reduce to the case of ^4. a 
Hensel DVR, i.e., the Henselization of G Ap for some field F, Z = W = 0, with 
s the image in A of the canonical coordinate on Ap . 
The map co-try/x is defined by the closed immersion 

r^A^ = pi,\{i}cP^ 

where iy is the closed subscheme of = Spec A[T] defined by T" — s, together 
with the isomorphism 

\Y)=Fl. 

furnished by the blow-up /x : Wy x A]^ of x A^ along {Y,0). The 

composition co-try/x o iz o a is given by the composition 

{Pi, 1) - {Pl,Fl \ {0}) ^ (P^P^ \ {0}) 

^ (P^, Px \ {0}) ^ (F^, 1) ^ (F^, \ Y) - (Pi., 1). 

In both cases, the isomorphisms (in ST-Ls^i^) I f^) ^'^^ independent of a choice of 
the respective defining equation. Let U be the Hensel local neighborhood 

of (0,0) in Pif, Spec 0^1 ^Qj,^, and let Uz C U he the fiber of U over Z, i.e., 
the subscheme s = 0. We may use excision to rewrite the above description of 
co-try IX oiz o a as & composition as 

(PV, 1) - {Uz, Uz \ {(0, 0)}) ^{U,U\Y)^ (P^, 1). 

Similarly, letting io : X — >■ X x be the 0-section, the map iw may be given by 
the composition 

(PV, 1) ^{X,X\Z)^ {U, U\Y)^{F'y,l); 

again, the isomorphisms in SHs^ik)/ f2 are independent of choice of defining equa- 
tions. 

We change coordinates in U by the isomorphism (s, i) i— s- (s — t", t). This trans- 
forms Y to the subscheme s = 0, is the identity on the 0-scction, and transforms 
s = to the graph of + s = 0. Replacing s with — s, we have just switched the 
roles of Y and Uz- Let 

if-.Uz^U 

be the map (p{t) = {t"',t). After making our change of coordinates, the map 
co-try/x o iz ° ct is identified with 

(FV, 1) = {Uz, Uz \ {(0, 0)}) A ([/,[/ \ Uz) - (P^, 1) 
while the description of iv^ becomes 

(PV, 1) = {X,X\Z)^ {U, U\Uz)- (Fl^, 1); 
We now construct an A-^-family of maps {Uz, Uz \ {(0, 0)}) — > (C/, C/ \ Uz)- Let 

^■-UzxA^ ^U 
be the map ^{t,v) = {t'",vt)- Note that $ defines a map of pairs 

* : {Uz, Uz \ {0}) xA^^{U,U\ Uz)- 
Clearly $(-, 1) = <^ while $(-,0) factors as 

Uz ■'^Uz ^ X ^U 
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where fin is the map t ^ and (3 is the isomorphism = s. Thus, we can 
rewrite co-try jx o o a as 

(PV, 1) - (X, X \ Z) ^ (X, X \ Z) ^ ([/,[/ \ C/z) = (Pi-, 1) 

We identify X with the Hensel neighborhood of in P^- Using excision again, 
we have the commutative diagram in 

(P^,P^\{0})^(P^,P^\{0}) 



(] 



-^(pi 



where the vertical arrows are all isomorphisms. By lemma 
multiplication by n, which completes the proof. 



the bottom map is 
□ 



Lemma 5.13. Let A ^ B be a finite simple Stale extension. Let X = Spec^, 
Y = SpecB, let ix '■ X ^ X he the closed point of X and iy : y ^ Y the inclusion 
of y := X X X Y . Then 



co-tr 



Y/X 



iy O co-tr yjr^ 



Proof. Take an embedding of Y in = P^^ \ {1} C P^; the fiber of F A^^ over 
a; — >■ X is thus an embedding y -> A;J, = P!|, \ {1} C Pi).. The result follows easily 
from the commutativity of the diagram 

K \ V > K 



X 



i>i 

X 



□ 



Proposition 5.14. Let A B be a finite generically Stale extension, with A a 
DVR and B a semi-local principal ideal ring. Let X = Spec^, Y — SpecS, let 
ix : X X be the closed point of X and iy : y ^ Y the inclusion of y :— x Xx Y. 
Write y — {j/i, . . . , j/r}; with each yi irreducible. Let n.i denote the ramification 
index of yi; suppose that each is prime to charfc. Then 



co-tr 



Y/X 



iy- o co-tr 



Proof. By passing to the Henselization A A'\ we may assume A is Hensel. 
By remark [5. 11( 2). we may assume that r = 1. Let A ^ Bq C B he the maximal 
unramified subextension. As co-tr b/ a = (^o-tr b/ Bq° co-tr b^/Bi we reduce to the two 
cases A — Bq, B = Bq. We note that a finite separable extension of Hensel DVRs 
A ^ B with trivial residue field extension degree is isomorphic to an extension of 
the form i" = s for some s S \ nf^. Thus, the first case is lemma [5.12[ the 
second is lemma [5T^ □ 
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Consider the functor 

(Pi,l) : Sm/fc^5H5i(fc)//2 

sending X to (P^,l) £ STis^ik)/ f2, which we consider as a (fc)//2-valued 
presheaf on Sm/fc°P (we could also write this functor as X i-> We proceed 

to extend (P7, 1) to a presheaf on SmCor{k)°^] we will assume that charfc = 0, so 
we do not need to worry about inseparability. 

We first define the action on the generators of 'iiou\smCor{X,Y), i.e., on irre- 
ducible W C X X Y such that W X is finite and surjective over some com- 
ponent of X. As SHs^ik)/ f2 is an additive category, it suffices to consider the 
case of irreducible X. Let U C X he a, dense open subscheme. Then the map 
(Py^, 1) — )■ {fx, 1) induced by the inclusion is an isomorphism in SHs^{k)/ f2- We 
may therefore define the morphism 

(P-M)(iy):(pi„l)-^(P1.,1) 

in SUgi^k)/ f2 as the composition 

(P^, 1) ^ (Pl(^), 1) (Kiw), 1) ^ iK, 1). 

We extend to linearity to define (P.), 1) on llomsmCor{X,Y). 

Suppose that Tf C X xY is the graph of a morphism f : X ^ Y. It follows from 
lemma [5791 that co-tr i^(^Y'f)/k{X} is the inverse to the isomorphism pi : (F^j^^yl) 
(Pfc(Js:)' -'^)- Thus, the composition 

is the map induced by the restriction of / to Spec k{X). Since (P^^)' ^) ~^ i^x^ 1) 
is an isomorphism in ST-Lsi{k) / it follows that (P7,l)(r/) = /, i.e., our def- 
inition of (Pvjl) on l^ova.smCor{X,Y) really is an extension of its definition on 

Homsm/fe(^,^)- 

The main point is to check functoriality. 

Lemma 5.15. For a e llonismCor{X, Y), (3 E llomsmCor{Y, Z), we have 
(P.Kl)(/3oa) = (P.^,l)(/3)o(P,i,l)(a) 

Proof. It suffices to consider the case of irreducible finite correspondences W C 
X xY, W' C Y X Z. If is the graph of a flat morphism, the result follows from 
lemma 13.41 

As the action of correspondences is defined at the generic point, we may replace X 
with 77 := Spec k{X). Then W becomes a closed point of 1^ and the correspondence 
W,, : ?7 — i> F factors as p2 o o , where pi : Wr, rj p2 : Y^ ^ Y are the 
projections. 

Let W,^ d Yri X Z he the pull-back of W . As we have already established 
naturality with respect to pull-back by flat maps, we reduce to showing 

(Pi, 1){W^, o *H.„) = (F-K 1)(W-;) o (P,i, 

Since Y is quasi-projective, we can find a sequence of closed subschemes of 1",, 

= Wo C VFi C . . . C Wd-i (ZWd^Yr, 

such that Wi is smooth of codimension d — i on Y^. Using again the fact the co-tr 
is defined at the generic point, and that we have already proven functoriality with 
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respect to composition of niorphisms, we reduce to the case ofY — Spec O for some 
DVR O, and irj the inclusion of the closed point rj of Y. 

Let W" W be the normalization of W . Using functoriality with respect 
to morphisms in Sm/fc once more, we may replace Z with W" and W with the 
transpose of the graph of the projection W" Y . Changing notation, we may 
assume that W is the transpose of the graph of a finite morphism Z ^ Y . This 
reduces us to the case considered in proposition 15 .141 this latter result completes 
the proof. □ 

We will collect the results of this section, generalized to higher loops, in theo- 
rem 16.11 of the next section. 

6. Higher loops 

The results of these last sections carry over immediately to statements about 
the n-fold smash product (P^, 1)^" for n > 1. For clarity and completeness, we list 
these explicitly in an omnibus theorem. 

Let i? be a semi-local fc-algebra, smooth and essentially of finite type over fc, and 
let X C P)j. and / be as in section [31 For n > 1, define 

co-tr^ J : Epi Spec R+ -J> Spi x+ . 

be the map id(pi^i)An-i (co-trj j). 

Similarly, let A be a semi-local fc-algebra, smooth and essentially of finite type 
over k. Let B — A[x\ be a simply generated finite generically etale A-algebra. For 
n > 1, define 

co-trl : SJJi SpecA+ ^ SpecB+. 
be the map Spi (co-irx). 

Theorem 6.1. 1. For x = 0, f — s. we have co-tr^ j = id. 

2. Let R ^ R' be a flat extension of smooth semi-local k-algebras, essentially 
of finite type over k. Let x he a smooth closed subscheme off^ \ {1}, finite and 
generically etale over R. Let x' — x Xfj R' C P}j/ . Let f be a generator for the 
mx/rn^, and let f he the extension to mx'/rri^,. Then the diagram 

Spec i?^ y Yjmix\ 



Epi Speci?+ )■ Spia;+ 

co-trV: f 

commutes. 

3. The co-group structure Y,'^Z^ {ari) on (P^, 1)^" is given by the map 

^^-^^l,oo}JK^ ■■ (IP'' i)""" ^ (IP'' i)""" V (P\ 1)^". 

4- The co-group ((P"'", 1)^", Spi^"'"((Tpi)) in S'Hsi{k) / fn+i is co- commutative. 

5. For an extension A ^ B as above, the map co-tr^ : Spi Spec — ?> Spi Spec _B_|_ 
is independent of the choice of x, and is denoted co-tr^^^. 
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6. Suppose that char A; = 0. The ST-Ls^i^) I fn+i-valued presheaf on Sm/A;°P 

:Sm/fc^ 57^51 (fc)//„+i 

extends to an SUs^i^)/ fn+i -valued presheaf on SmCor(k)°^ , by sending a gen- 
erator W C X X Y of HomsmCoriXjY) to the morphism T,piX^ — > in 
S'Hsi{k) / fn+i determined by the diagram 

EJJi Specfc(X)+ 

C°"*''fc(W)/fc(X) 

S^i Spec/c(VF)+ 

P2 

in SUs^ik)/ fn+1- The assertion that 

E^i Specfc(X)+ ^ 

zs an isomorphism in STis^ik)/ fn+i is part of the statement. We write the map in 
iST^gi (fc)//„+i associated to a ^ HomgjnCori^^Y) as 

co-tr'^{a) : ^ J:^iY+. 

7. Supports and co-transfers 

In this section, we assume that char fc = 0. We consider the fohowing situation. 
Let I : y X be a codimension one closed immersion in Sm/fc, and let Z C X 
be a pure codimension n closed subset of X such that i^^{Z) C Y also has pure 
codimension one. We let T = i'^iZ), X^^^ := {X,X\Z), Y'^ = {Y,Y\T), so that 
i induces the map of pointed spaces 

I : x(^) ^ y(^) 

Let z be the set of generic points of Z, Ox.z the semi-local ring of z in X, Xz = 
Spec Ox.z and XI = {Xz,Xz \ z). We let t be the set of generic points of T, and 
let Ox,t be the semi-local ring of t in X, Xt = SpecOx.t- Set Yt := Xt Xx Y and 
\etY}''^ = {Yt,Yt\t). 

Lemma 7.1. There are canonical isomorphisms in ST-Ls^i^) / fn+i 

Proof. This follows from lemma 15.41 □ 
Thus, the inclusion i gives us the map in SUsiik)/ fn+i- 

i '. Spi ^ XjpiZ_|_. 
On the other hand, we can define a map 

ico-tr ■ Spii^ > SpiZ^ 

as follows: Let Zt = ZCiXt C Xt. Since F has codimension one in X and intersects 
Z properly, t is a collection of codimenison one points of Z, and thus Zt is a semi- 
local reduced scheme of dimension one. Let p : be the normalization, and 



26 



MARC LEVINE 



let t C Zt he the set of points lying over t C Zt- Write i — Ujtj. For each j, we let 
rij denote the multiplicity at tj of the pull-back Cartier divisor Yt Xxt Zt, and let 
tj =p{tj). This gives us the diagram 



t 




Note that j is an isomorphism in SH 51 (fc) //i . We define ico-tr to be the composition 

V" -f ' \ V" i " \ V" 7 ^ s V" r 

in SHsi{k)/fn+i- 

Lemma 7.2. z = ico-tr in STis^ik) / fn+i- 

Proof. Using Nisnevich excision, we may replace X with the Henselization of X 
along t] we may also assume that i is a single point. Via a limit argument, we may 
then replace X with a smooth affine scheme of dimension n + 1 over k(t). Thus 
we may take Z to be a reduced closed subscheme of X of pure dimension one over 
k{t). We may also assume that Y is the fiber over of a morphism X — > A^,(.jj for 
which the restriction to Z is finite. 

As we are working in S%si{k) / fn+i, we may replace {X,Z) with {X',Z') if 
there is a morphism f : X ^ X' which makes {X, t) a Hensel neighborhood of 
{X',f{t)) and such that the restriction of / to Z' is birational. Using Gabber's 
presentation lemma |6l lemma 3.1], we may assume that X — ^^^^y that t = and 
that Y is the coordinate hyperplane = 0. We write F for k{t) and changing 

notation write simply instead of t. 

After a suitable linear change of coordinates in A^^"'^, we may assume that each 
coordinate projection 

q : A^+^ ^ AJ. 

q{xi, . . .,Xn+i) = (a^ii, . . . ,a;i,J, 

r = 1, . . . , n, restricts to a finite morphism on Z, and that Z — )■ q{Z) is birational 
if r > 2. 

We now reduce to the case in which Z is contained in the coordinate subspace 
X' = A|. defined by Xi = . . . = X,i_i = 0. For this, consider the map 

m : A^ X A"p+^ ^ A^ x A^+i 

Tn{t, X\, . . . , ^n+l) — (^1 i-^l, ■ • ■ 7 ^*^n — li ^n; '^n+l) 

Let Z = m{A^ x Z) C x A^"^^. By our finiteness assumptions, 2^ is a (re- 
duced) closed subscheme of A^ x A^"^^, and each fiber Zt Ctx A"^^ is birationally 
isomorphic to Z Xp F{t). Consider the inclusion map 

(Ai xy)(*'^") ^ (Ai xX)(^) 

The maps 

zo,u:y(")^(Aixy)(*'xo) 
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are clearly isomorphisms in 'H,(fc), and the maps 

Jo : ^^^"^ ^ (A^ X 

are easily seen to be isomorphisms in (fc)//„+i. Combining this with the 

commutative diagram 

Y(o) 



X y)(AixO) 

y(o) 



*0 



shows that we can replace Z with C X' . 
Having done this, we see that the map 

y(0) ^ x(^) is just the n - 1-fold 

suspension of the map 

This reduces us to the case n — 1. 

Since p2 : 2' — Ap is finite, we may replace A-'^ x Ap with P-'^ x Ap. Then the 
map -> X(^) is isomorphic to (P^ x 0, 00 x 0) ^ X^^K We extend this to the 
isomorphic map 

(pi X A],, 00 X A^) -j> X(^) = (pi X A],, pi X A], \ Z). 

Let s be the generic point of Ap, Zg the fiber of over s. Then the inclusions 

(pi X 0, 00 X 0) ^(pi X A],, cx) X A],) A (pi X s, 00 X s) 
(pi X A]„pi X A], \ Z) (pi X s,pi 
are isomorphisms in SUs^i^) I f2i ^-^^d thus the map 

io : = (Pi X 0,00 X 0) ^ X(^) = (Pi X A],,pi xA],\Z) 
is isomorphic in S'Hgi{k)/ f2 to the collapse map 

(P^ X s, 00 X s) ^ (Pi X s, P^ \ Zs). 

Therefore, the map 

i : SpiO-i- — y Ylpiz^ 
we need to consider is equal to the co-transfer map 

co-trz^/s '■ Spis+ — ?> Spiz., 
composed with the (canonical) isomorphisms 



SpiO-i 



the latter isomorphism arising by noting that Zs is a generic point of Z over F . The 
result now follows directly from proposition 15 .141 □ 
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Definition 7.3. 1. Take X,X' e Sm/A:, and let Z d X, Z' <Z X' be pure 
codimension n closed subsets. Take a generator A e \louiS'mCor{X, X'), A C 
X X X' . Let q : A^ ^ be the normalization of A. Let z be the set of generic 
points of Z, let a be the set of generic points of An X x Z' and let a' = q~^{a). 
Suppose that 

(1) A^ X is etale on a neighborhood of a' 

(2) px{o) is contained in Z. 

Let Oan be the semi- local ring of a' in A^ , and let A^, — Spec O^n ; define X^ 
similarly. Define 

co-tr'^{W) : X(^) ^ 
to be the map in S'Hgi{k)/ fn+i given by the following composition: 

2. Let \i-OmsmCor{X,X')z,z' C HoTHsmCoriX, X') be the subgroup generated by 
A satisfying (a) and (b). We extend the definition of the morphism co-tr" (A) to 
YiouYsmCor[X,X')z^Z' by linearity. 

Note that we implicity invoke lemma [73] to ensure that the isomorphisms used 
in the definition of co-tr" (A) exist and are canonical; condition (1) implies in par- 
ticular that A is smooth in a neighborhood of a, so we may use lemma [73] for the 
isomorphism EJJi a+ = ^i"-* . 

Lemma 7.4. Take X,X',X" G Sm/A:, and let Z C X, Z' C X' and Z" C 
X"be a pure codimension n closed subsets. Take a € HomsmCoriX, X')z,z' , ct' £ 
IioinsmCor{X',X")z',z"- Then a' o a is in RomsmCor{X , X") z,z" and 

co-tr^\a') o co-tr"' (a) = co-tr" (a' o a). 

Proof. We may assume that a and a' are generators A and A' . We may replace 
X,X' and X" with the respective strict Henselizations along z,z' and z". Write 
z = {zi, . . . , Zr}, z' — {z[, . . . , z'g}, z" = {z'l, . . . , z"}. Thcu A and A' break up as 
a disjoint union of graphs of morphisms 

.f]k ■ X^^ X^, ; g^j : X'^,^ -> X",, 

and A'oA is thus the sum of the graphs of the compositions gijofjk- Therefore, each 
irreducible component of the support of A' o A is smooth. This verifies condition 
(1) of definition 17. 3| the condition (2) is easy and is left to the reader. 

The compatibility of co-tr" with the composition of correspondences follows 
directly from theorem 16. If 6). □ 

Proposition 7.5. Let i : Ai — > A &e a closed immersion of quasi-projective 
schemes in Sm/k, take X, X' e Sm/fc and a G HomsmCoriX, X'). Let Z C XxA, 
Z' C X' X A be closed codimension n subsets. Suppose that 

(1) Zi := Z n X X Ai and Z( := Z' D X' x Ai have codimension n in X x Ai, 
X' X Ai, respectively. 

(2) a X idA is in UoTdsmCoriX x A,X' x A)z,z' 

(3) a X idAi «s "in ilomsmCor{X x Ai,X' x Ai)z,,z{ 
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Then the diagram in 5Hsi(fc)//„+i 



,„ , co-tr" (axid) , 

{X X Ai)(^i) ^ > {X' X Ai)(^i) 



idxi 



idxi 



{X X A) 



(Z) 



co-tr^ [a X id) 



> {X' X A)(^') 



commutes. 



Proof. Since A is by assumption quasi-projective, we may factor Ai A as a 
sequence of closed codimension 1 immersions 

Ai = A"* ^ A'^-i ^ . . . ^ A^ ^ A" = A 

such that each closed immersion A' A satisfies the conditions of the proposition. 
This reduces us to the case of a codimension one closed immersion. 

We may replace X x A, X' x A, etc., with the respective semi-local schemes 
about the generic points of Zi and Z'^. As Ai has codimension one on A, it follows 
that the normalizations Z^ , Z'^ of Z and Z' are smooth over k. Let i : z ^ Z^ , 
i' : z' ^ Z'^ be the points of Z^ , Z'^ lying over respectively, which we 

write as a disjoint union of closed points 

By lemma 17.11 and lemma 17. 2[ we may rewrite the diagram in the statement of the 
proposition as 

co-tr" (a xid^jv) 

En Y 1, v^n ^/ 



Spl5-|- 



J ' 1 



Spi Z 



N 



co-tr^ (a X id^jv ) 



Smi Z' 



/N 



where a x id^w , ax idzi denote the correspondences induced by a x idA and a x idAi > 
and the mj,m'^ are the relevant intersection multiplicities. The commutativitiy of 
this diagram follows from the functoriality of the maps co-tr" ^_(—) with respect 
to the composition of correspondences (theorem 16. ip . □ 



8. Slices of loop spectra 

Take E e SHs^ik)- Following Voevodsky's remarks in [21], Neeman's version of 
Brown representability [16: gives us the motivic Postnikov tower 

• • ■ fn+iE — > fnE ^ . . . — s> faE = E, 

where fnE E is universal for morphisms from an object of Epi5?^si(fc) to E. 
The layer SnE is the n slice of i?, and is characterized up to unique isomorphism 
by the distinguished triangle 

(8.1) fn+lE ^ fnE ^ SnE ^ ^sfn+lE. 
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The fact that this distinguished triangle determines SnE up to unique isomorphism 
rather than just up to isomorphism follows from 

(8.2) Romsn,,ik){K^'Snsi{k),SnE) = 

To see this, just use the universal property of fn+iE — > E and the long exact 
sequence of Homs associated to the distinguished triangle (|8.1|) . In particular, 
using the description of Hom5^^j(j,')/j^^^j(— , — ) via right fractions we have 

Lemma 8.1. For all F,E£ ST-Ls^ik) and n > 0, the natural map 

Hom^^^^ (fc) {F, SnE) Hom^^^^ (fc)//„+i {F, SnE) 

is an isomorphism. 

See also [20> proposition 5-3] 

We recall the de-looping formula [111 theorem 7.4.2] 

S„(fipli?) = Q.f.l{Sn+lE) 

for n > 0. 

Take F e Spc,(fc). For E e Sptgiik), we have nom"'*{F,E) £ SU, which for 
F — Xj^ is just E{X), and in general is formed as the homotopy limit associated to 
the description of as a homotopy colimit of representable objects, i.e., take the 
Kan extension to Spc, of the functor E : Sm//c°P Spt5i(fc). 

This gives us the "internal Hom" functor 

Uoms-Hs. [k) (F, -) : SJisi (k) ^ Sngi (k) 

and more generally 

Homg-Hsiik)/ u+AF,~) ■ SUsiik)/ fn+i SHs^ik), 
with natural transformation 

'HomsH^i (k) (F, -) Homsusi (fc)//„+i -)• 

These have value on i? G Sptgi(fc) defined by taking a fibrant model E of E (in 
SHs^ (k) or STLs^ (k)/ fn+i, as the case may be) and forming the presheaf on Sm/fc 

X ^nom'"\F AX+,E). 

Putting the de-looping formula together with lemma [STTl gives us 

Proposition 8.2. For E G STigilk) we have natural isomorphisms 

Soift^iE) - n'^.SnE = Homsn,,(k)/u^AOP\l)''''',SnE) 

Proof. Indeed, the first isomorphism is just the de-looping isomorphism repeated 
n times. For the second, we have 

n^^SnE - nomsn,,(k){{P\l)'''\s,,E) 

^nomsH,,ik)/u^,{{^\lT'',SnE) 

the second isomorphism following from lemma IKTl □ 

Definition 8.3. Suppose that charfc = 0. Take E G SHs^{k) and take a G 
HouismCoriXjY). Define the transfer 

TiY/xia) : {n^iSnE)iY) ^ {n'^,SnE){X) 
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as follows: 

{n'^^Sr^E){Y) ^ Hom"'' SH (k) {Y+ , SnE) 
^nom's%^^^,-^{X+,n^,SnE) 

{n^^SnE){X). 

Theorem 8.4. Suppose that charfc — 0. For E e SHsi{k), the maps Tr(a) extend 
the presheaf 

n^i snE -.sm/ k°p ^ sn 

to an SH-valued presheaf with transfers 

n^iSnE : SmCor{k)°P ^ SH 

Proof. This follows from the definition of the maps Tr(a) and theorem l6.ll the main 
point being that the maps Tr(a) factor through an internal Horn in STLs^ [k]/ fn+i- 

□ 

Corollary 8.5. Suppose that charfc = 0. For E G S'Hgi{k), there is an extension 
of the presheaf 

so^piE : Sm/fc°P ^ SH 
to an STi-valued presheaf with transfers 

soflpiE : SmCor{k)°'P SH. 

Proof. This is just the case 7i = 1 of theorem 18.41 together with the de-looping 
isomorphism 

soilpiE = ilfisiE. 

□ 

Remark 8.6. The corollary is actually the main result, in that one can deduce 
theorem 18.41 from corollarv l8.5l (applied to flpr^E) and the de- looping formula 

ripiSfiE ^ soilpiE = SQ^lpii^ripi ^E"). 

As the maps co-tr"{a) are defined by smashing co-tr^{a) with an identity map, 
this procedure does indeed give back the maps 

Tr(a) : 17^is„£(y) ^ n^,SnE{X) 

as defined above. 

proof of theorem O The weak transfers defined above give rise to homotopy invari- 
ant sheaves with transfers in the usual sense by taking the sheaves of homotopy 
groups of the motivic spectrum in question. For instance, corollary 18.51 gives the 
sheaf TTmisoflpiE) the structure of a homotopy invariant sheaf with transfers, in 
particular, an effective motive. In fact, these are birational motives in the sense 
of Kahn-Huber-Sujatha [71 [TU], as sqF is a birational S^-spectrum for each S^- 
spectrum F. The classical Postnikov tower thus gives us a spectral sequence 

Elg := H-P{Xm,,ng{soCtpiEj) =^ TTp+g{soCtpiE{X)) 
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with term a "generalized motivic cohomology" oi X. As the sheaves TTq{soilpiE) 
are motives, we may replace Nisnevich cohomology with Zariski cohomology; as 
the sheaves 7r^(sor2pi-E) are birational, i.e., Zariski locally trivial, the higher Zariski 
cohomology vanishes, giving us 

□ 

In short, we have shown that the 0th slice of a P^-loop spectrum has transfers 
in the weak sense. We have already seen in section [2] that this does not hold for an 
arbitrary object of SHsi{k)', in the next section we will see that the higher slices 
of an arbitrary S'^-spectrum do have transfers, albeit in an even weaker sense than 
the one used above. 

9. Transfers on the generalized cycle complex 

We begin by recalling from [TTl theorem 7.1.1] models for fnE and SnE{X) that 
are reminiscent of Bloch's higher cycle complex [1]. To simplify the notation, we 
will always assume that we have taken a model E G Spt gi (fc) which is quasi- fibrant. 

For a scheme X of finite type and locally equi-dimensional over fc, let S''x\m) 
be the set of closed subsets W oi X x A™ of codimension > n, such that, for each 
face F of A" , W r\ X x F has codimension >nox\Xy.F (or is empty) . We order 
by iSj^"* (to) inclusion. 

For X e Sm/fc, we let 

E^'^\x,m) := lii^ i;('^)(X X A™), 

where E''^^ {X) is by definition the homotopy fiber of the restriction map E{X x 
A") E{X X A" \ VF). Similarly, for < n < n' , we define 

m) := lini E^^\^'\X x A™ \ W) 

lVe5<f"'(m),H^'e5^"''(m) 

The conditions on the intersections of W with X x F for faces F means that 
TO s'^^\m) form a cosimplicial set, denoted S'^^\ for each n and that ^ is 
a cosimplicial subset of iSj^"* for n < n' . Thus the restriction maps for E make 
TO n- E^"\X,Tn) and m (X, m) simplicial spectra, denoted E^"''{X,—) 

and i;("/"')(X, -). We denote the associated total spectra by |£'(")(X, -)| and 

|^(n/n')(X, -)|. 

The inclusion 5^ ^ '^^■'(to) for n < n' and the evident restriction maps 
give the sequence 

\E^"">{X,-)\ \E^''\X,-)\ \E^"/"">{X,~)\ 

which is easily seen to be a weak homotopy fiber sequence. 

We note that |i?'°)(X, — )| = E{X x A*); as E is homotopy invariant, the canon- 
ical map 

E{X) ^ \E^'^\x,-)\ 
is thus a weak equivalence. We therefore have the tower in SH 

(9.1) ... ^ |£;("+i)(x,-)| ^ |i;(")(x,-)| ^ ... ^ \e'^°\x,-)\ = E{X) 



SLICES AND TRANSFERS 



33 



with nth layer isomorphic to — )|. We eall this tower the homotopy 

coniveau tower for E{X). In this regard, one of the main resuhs from states 

Theorem 9.1 ([11, theorem 7.1.1]). There is a canonical isomorphism of the tower 
(|9.ip with the motivic Postnikov tower evaluated at X : 

. . . ^ fn+iEiX) ^ UE{X) ^ . . . ^ foEiX) = E{X), 

giving a canonical isomorphism 

s„i?(x)-|£;("/"+i)(x,-)|. 

We can further modify this description of s„i?(X) as foUows: Since s„ is an 
idempotent functor, we have 

s^E{X) - s„(s„i?)(X) - |(s„i?)("/"+i)(X,-)| 

Note that |(s„i?)''"/"+^''(X, — )| fits into a weak homotopy fiber sequence 

^ \{SnEf''\X,-)\ ^ |(s„i?)("/"+l)(X,-)| 

Using theorem 19. ll in reverse, we have the isomorphism in 5% 

|(s„i?)("+i)(x,-)|-/„+i(5„£;)(x) 

But as fn+i ° fn — /n+1, we see that /„+i(s„£^) ^ in SHs^ik) and thus 

|(s„£;)(")(X, -)| - -)| = s,,EiX) 

We may therefore use the simphcial model |(s„i?)(")(X, — )| for SnE{X). 

We will need a refinement of this construction, which takes into account the 
interaction of the support conditions with a given correspondence. 

Definition 9.2. Let A C Y x X he a, generator in HomsmCoriY, X); for each m, 
we let A{m) E lloinsmCor{y x A™, X x A™) denote the correspondence A x idA-"- 
Let (to) be the subset of ^^^•'(to) consisting of those W' G S^j^\m) such that 

(1) W -.^PYxA^iA X A" nr X M^') is in s!y\m). 

(2) A{m) is in RomsmCoAY x A™,X x A"')w,W' ■ 
For an arbitrary a £ HoiasmCoriY, X), write 

r 

a = ^ UiAi 
1=1 

with the Ai generators and the Ui non-zero integers and define 

^Sm :=nu4';^^(TO). 

If we have in addition to a a finite correspondence /3 G }ioiJismCor{Z,Y), we let 
^xLA^'^ ^ be the set of Vt^ C X X A™ such that W is in 5^"i(m) and 

PYxA^iY xWn\a\x A") is in 5{J'^(to). 

For f : Y ^ X a, flat morphism, one has 

4%(to) = 4')(to) 

and for g : Z ^ Y sl flat morphism, and a arbitrary, one has 
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Note that m ^ S^^\{m) and m h-> 5^'^^(m) define cosimplicial subsets of 
TO n- (to). We define tfie simplicial spectra i?*^"^ (X, — )q, and £'(")(X, — 
using the support conditions ^^^^(to) and s'^^\ pi^) instead of s'^-^^ra): 

E^"\X,m)a.^ linj x A") 

£;(")(X,to)„,/3 := lii^ £;(^)(XxA™) 
giving us the sequence of simplicial spectra 

The main "moving lemma" [T^l theorem 2.6.2(2)] yields 

Proposition 9.3. For X S Sm/k affine, and E G Spt5i(fc) quasi- fibrant, the 
maps 

|i?(")(x,-)„,^l ^ |i?(")(x,-)„| ^ |£;(")(x,-)| 

are weaA; equivalences. 

We proceed to the main construction of this section. Consider the simplicial 
model |(s„i?)^"''(X, — )| for s„i?(X). For each to, we may consider the classical 
Postnikov tower for the spectrum (s„_E)(")(X. m), which we write as 

...^T>p+i{snE)^"\X,m)^T>p{s,,EY^\X,m) ^ ... ^ (s„£;)(") (X, to), 

where 

T>p+i{snE)'^"'\X,m) ^ (s„i;)(")(X,TO) 
is the p-connected cover of (s„£')'^"^ (X, m). The pth layer in this tower is of course 
the Eilenberg-Maclane spectrum on 7rp((s„i?)(")(X, m)), or rather its pth suspen- 
sion. Taking a functorial model for the p-connected cover, we have for each p the 
simpicial spectrum 

m ^ T>p+i(s„i;)(")(X,TO) 
giving us the tower of total spectra 
(9.2) 

. . . ^ |T>p+l(s„i?)(")(X, -)| ^ |T>p(s„i?)(")(X, -)| ^ . . . ^ |(s„i?)(")(X, -)|. 

The layers in this tower are then (up to suspension) the Eilenberg-Maclane spectrum 
on the chain complex 7rp(s„i?)*^")(X, *), with differential as usual the alternating 
sum of the face maps. 

The chain complexes ■Kp{snE)^"'\X, *) are evidently functorial for smooth maps 
and inherit the homotopy invariance property from (snE)^'^') {X, *) (see |12i theorem 
3.3.5]). Somewhat more surprising is 

Lemma 9.4. The complexes 7rp(s„i?)*^") (X, *) satisfy Nisnevich excision. 

Proof. Let W C X x A™ be a closed subset in S^\m), and let w be the set of 
generic points of W. Then 

SnE'-^\X X A™) ^ SnE{j:^,w+) = rt^^{snE){w) = soin^iE){w). 

This gives us the following description of 7rp((s„£^)'^"^ (X, to)): 

(s„i;)(")(^,"i) = (B^7rp{soin^,E){w)) 
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where the direct sum is over the set T^""* (m) of generic points of irreducible W S 

Now let i : Z —i' X he a closed subset with open complement j : U ^ X. For 
each m, we thus have the exact sequence 

Define the subcomplex ■Kp[snE)^'^\X,*)z of 7rp(s„i?)*^"^ (X, *) and quotient com- 
plex 7rp(s„i?)^")(?7x, *) of 7rp(s„i?)("^(X, *) by taking supports in 

W e sPim) n Z X A*, We S'^'\m) nU x A*. 

We thus have the term-wise exact sequence of complexes 

^ 7rp(s„^)(")(X, *)z 7rp(s„£;)(")(X, *) ^ 7rp(s„£;)(")(C/x, *) ^ 

The localization technique of [131 theorem 8.10] (for details, see [TTl theorem 
3.2.1]) implies that the inclusion 

is a quasi-isomorphism, and we therefore have the quasi-isomorphism 

^p(s„S)(") {X, *)z^ cone(7rp(s„S)(") {X, *) A 7rp(s„S)(") {U, . 

But the left-hand side only depends on the the Nisnevich neighborhood of Z in X, 
which yields the desired Nisnevich excision property. □ 

We will use the results of section[7]to give X M- 7rp(s„i?)^"^(X, *) the structure of 
a complex of homotopy invariant presheaves with transfer on Sm/k, i.e. a motive. 

For this, we consider the complexes 7rp(s„i5)(") (X, 7rp(s„i?)(")(X, *)q,^ con- 
structed above. The refined support condition are constructed so that, for each 

^ ^ '5x!L("^)' " i'^ in RomsmCoriY, X)w' ,w , where 

W' = pi{Y X A"' X W n \a\ X A"). 

We may therefore use the morphism co-tr^^ {a x idA'" ) to define the map 

Try/^(a)(m) : 7rp((s„£;)(") (X, m))„ ^ 7rp(s„S)(")(y, m). 

By proposition 17.51 the maps TTY/xiTn-) define a map of complexes 

TiY/xia) : ^p(s„S)(")(X,*)„ ^ ^p(s„S)(") (F, *). 

Similarly, given /3 G HomsmCoriZ, Y), we have the map of complexes 

Note that, due to possible "cancellations" occurring when one takes the composition 
a o /3, we have only an inclusion 

giving us a natural comparison map 

ta,/3 : Trp{snEY'^\X,*)a,p np{sr^Ef''>{X,*)aop■ 

Using our moving lemma again, we see that La.p is a quasi-isomorphism in case X 
is afhne. 
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Lemma 9.5. Suppose char k = 0. For 

a e llOTaSmCor{Z,Y), (3 6 }l0UYSmCor{Z,Y), 

we have 

Trz/y(/3) o Try/x(a)/3 = Tr2/x(a o /3) o t„_^. 

Proof. This follows from lemma 17.41 □ 

We have already noted that complexes 7rj,(s„_B)(")(X, *) are functorial in X for 
flat morphisms in Sm/Zc, in particular for smooth morphisms in Sm/Zc. Let Sm/fc 
denote the subcategory of Sm//c with the same objects and with morphisms the 
smooth morphisms. The transfer maps we have defined on the refined complexes, 
together with the moving lemma [7^ vield the following result: 

Theorem 9.6. Suppose char A: — 0. Consider the presheaf 

^p((s„S)(") (-,*)) : S^n/fc°P ^ C-(Ab) 

on Sm/fc°P. Let 

b : Sm/fc -J> SmCor(k) 
be the evident inclusion and let 

Q : C"(Ab) D-{Ah) 
be the evident additive functor. There is a complex of presheaves with transfers 

7rp((s„i;)("))* : SmCor{k)°P C-{Ah) 
and an isomorphism of functors from Sm/fc°P to (Ah) 

Q o ^p((s„£;)(")(-, *)) - Q o ^p((s„£;)("))* o i. 

Proof. We give a rough sketch of the construction here; for details we refer the 
reader to [HI proposition 2.2.3], which in turn is an elaboration of [H] theorem 7.4.1]. 
The construction of np({snE)^^^)* is accomplished by first taking a homotopy limit 
over the complexes 7rp(s„£')'^"^ (X, *)q,. These are then functorial on SmCor{k)°P , 
up to homotopy equivalences arising from the replacement of the index category 
for the homotopy limit with a certain cofinal subcategory. One then forms a reg- 
ularizing homotopy colimit that is strictly functorial on SmCor{k)°P , and finally, 
one replaces this presheaf with a fibrant model. The moving lemma for afhne 
schemes (proposition 19. 3p implies that the homotopy limit construction yields for 
each affine X G Sm/fc a complex canonically quasi-isomorphic to 7rp(s„i?)^"'' (X, *); 
this property is inherited by the regularized homotopy colimit. As the complexes 
7rp(s„_E)^")(X, *) satisfy Nisnevich excision (lemma l9^ and are homotopy invari- 
ant for all X, this implies that the fibrant model 7rp((s„i?)*^"-')* is canonically quasi- 
isomorphic to 7rp(s„i?)(")(X, *) for aU X e Sm/fc. □ 

Corollary 9.7. Suppose charfc — 0. 7rp((s„i?)^"^)* is a homotopy invariant com- 
plex of presheaves with transfer. 

Proof. By theorem 19.61 we have the isomorphism in _D^(Ab) 

^p((s„£;)("')* -7rp((s„i?)(")(-,*)). 

for all X £ Sm/fc. As the presheaf 7rp((s„£')'^"^ (— , *)) is homotopy invariant, so is 
7rp((s„i;)("))*. □ 
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proof of theorem [H As in the proof of theorem 19.61 the method of [121 theorem 
7.4.1], shows that the tower ()9.2p extends to a tower 

(9.3) ... ^ p>p+iSnE p>pSnE ... ^ SnE 

in ST~Ls^{k) with value f)9.2p at A^ G Sm/Zc, and with the cofiber of p>p+iSn E 
p>pSnE naturahy isomorphic to EM j^i'^-^-^ {Trp{{snE)^"^)*). By coroUarv 19.71 the 
presheaves 7rp((s„i;)("))* define objects in DMl^-^ik). Thus, we have shown that 
the layers in the tower (|9.3p have a "motivic" structure, proving theorem [2] □ 

10. The Friedlander-Suslin tower 

As the reader has surely noticed, the lack of functoriality for the simplicial spec- 
tra creates annoying technical problems when we wish to extend the 
construction of the homotopy coniveau tower to a tower in STigi (k). In their work 
on the spectral sequence from motivic cohomology to AT-theory, Friedlander and 
Suslin [3] have constructed a completely functorial version of the homotopy coniveau 
tower, using "quasi-finite supports" . Unfortunately, the comparison between the 
Friedlander-Suslin version 

and£;(")(^,-) 

is proven in [3] only for AT-theory and mo- 
tivic cohomology. In this last section, we recall the Friedlander-Suslin construction 
and form the conjecture that the Friedlander-Suslin tower is naturally isomorphic 
to the homotopy coniveau tower. 

Let Q''^\m) be the set of closed subsets W of A" x X x A™ such that, for each 
irreducible component W of W, the projection W' — > A x A™ is quasi-finite. For 
E e Spt5i(fc), we let 

E'f^{X, m) lii^ £;('^)(A" x A x A™) 

As the condition defining Q^"* (m) are preserved under maps 

idA" X / X g : A" X A' X A™' ^ A" x A x A", 

where / : A' — > A is an arbitrary map in Sm/k, and g : A™ — > A™ is a structure 
map in A*, the spectra E^g{X,m) define a simplicial spectrum i?^'^(A, — ) and 
these simplicial spectra, for X e Sm/fc, extend to a presheaf of simplicial spectra 
on Sm/k: 

-) : Sm/fc°P ^ A°PSpt. 

Similarly, if we take the linear embedding z„ : A" — > A"+-'^ = A" x A-*^, a; n- (x, 0), 
the pull-back by z„ x id preserves the support conditions, and thus gives a well- 
defined map of simplicial spectra 

forming the tower of presheaves on Sm/k 

(10.1) . . . ^ 4V''(?- -) ^ 41(7, -) ^ ■ • ■ 

We may compare 4"i(A,-) and £;(")(A,-) using the method of [3] as follows: 
The simplicial spectra i?(")(A, — ) are functorial for flat maps in Sm/fc, in the 
evident manner. They satisfy homotopy invariance, in that the pull-back map 

p* : £;(")(A,-) ->^;(")(Ai X A,-) 
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induces a weak equivalence on the total spectra. We have the evident inclusion of 
simplicial sets 

inducing the map 

Together with the weak equivalence p* : \E''"\X, -)| |£'(")(A" x X,-)\, the 
maps (px,n induce a map of towers of total spectra in STi 

(10.2) ^x,*:\E^;Ux,-)\^\E(*\X,^)\. 

Conjecture 10.1. For each X G Sm/fc and each quasi-fibrant E G Spt5i(fc), the 
map (|10.2p induces an isomorphism in 5% of the towers of total spectra. 

Combined with the weak equivalence given by homotopy invariance and the 
results of [11] . this would give us an isomorphism in 57^51 (fc): 

/„ii;-|4"i(?,-)| 
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